Abstract D-branes are classified by twisted K-theory. Yet twisted K-theory is often hard to calculate. We argue that, in the case of a compactification on a simply-connected six manifold, twisted K-theory is isomorphic to a much simpler object, twisted homology. Unlike K-theory, homology can be twisted by a class of any degree and so it classifies not only D-branes but also M-branes. Twisted homology classes correspond to cycles in a certain bundle over spacetime, and branes may decay via Kachru-PearsonVerlinde transitions only if this cycle is trivial. We provide a spectral sequence which calculates twisted homology, the kth step treats D(p − 2k)-branes ending on Dpbranes. * andres.collinucci@fys.kuleuven.be † jevslin@ulb.ac.be
Introduction
It has been nearly a decade since Minasian and Moore [1] proposed that D-branes in type II string theories are classified by K-theory. Since then the proposal has been generalized to a number of different theories, from two-dimensional topological theories [2] to exactly solvable conformal field theories with target spaces of arbitrary dimension to theories with orientifolds. The original K-theory proposal fails in the presence of a topologically nontrivial NS H field [3] and needs to be replaced with Rosenberg's [4] twisted K-theory [5] . Twisted K-theory has provided the most successful model to date of conserved RR charges. However this success comes with a price, in general twisted K-theory classes are difficult to compute. Even once they are computed, given a representative of a fixed twisted K-theory class it is difficult to extract the physical data that describes the corresponding D-brane, such as its embedding or its worldvolume gauge field.
In this note we will describe a less general classification scheme, twisted homology, which we argue is isomorphic to twisted K-theory in the case of a simply-connected six manifold [6] . We will present evidence that this isomorphism continues to hold for all orientable, spin c six-manifolds. Thus twisted homology is sufficient for the backgrounds of interest in string phenomenology. However, unlike twisted K-theory, we will see that given a D-brane's embedding and worldvolume gauge field one can easily determine the corresponding twisted homology class. This is a companion paper to Ref. [7] , in which twisted homology is presented using a framework similar to that of the generalized submanifolds of Ref. [8] and is applied to the theory of calibrations. That perspective of twisted homology was introduced in Ref. [6] , although the equivalence condition dates back to Refs. [9, 10, 11] .
Homology, can be twisted by a cohomology class of any degree. On the other hand, a topological realization of twisted K-theory is only known when the twisting class is a 3-class, which in string theory is either the NSNS H field [5] or the 3-form RR field strength in IIB, for example in the twisted K-theory classification of branes on the conifold in Refs. [12, 6] . This versatility means that twisted homology with a degree 4 twist may be used to classify branes in M-theory.
Given a twist H of fixed degree k, we present a geometrical way to visualize the twisted homology of a spacetime M. One may construct a bundle Q over M with characteristic class H. One may represent any twisted homology class of M as an ordinary homology class of the bundle. This realization has several applications.
First, branes carry a conserved charge if they wrap a nontrivial homology class in Q. Thus, branes may decay via dimension-changing processes like those of Refs. [13] and [14] only if they wrap a cycle which is trivial in Q, but whose projection onto the spacetime M may be topologically nontrivial. We also find that a D-brane wrapping a cycle N in M suffers from a Freed-Witten anomaly [15] if and only if the bundle Q is nontrivial over N, so that there is no section over N which defines the cycle in Q wrapped by the brane. In other words, a brane that wraps a cycle in Q automatically is Freed-Witten anomaly-free.
In fact, unlike the simple quotient of the kernel of multiplication by H by its image, twisted homology also knows about some two-step anomalies, which are classical versions of a phenomenon discovered in the SU(3) WZW model and described in Ref. [14] . In two-step anomalies a Dp-brane suffers from a Freed-Witten anomaly which is cured by a D(p − 2)-brane insertion. Unlike the usual Freed-Witten case, the boundary of the D(p − 2)-brane is contractible in the total spacetime M, although not on the worldvolume of the Dp-brane, and so instead of being semi-infinite it closes off. A two-step anomaly occurs when, in the process of closing off, it wraps some H flux, and so it also becomes anomalous. This second anomaly is cured by the insertion of a semi-infinite D(p − 4)-brane. This process, as well as arbitrary numbers of iterations, renders the original Dp-branes inconsistent and the D(p − 4)-branes unstable [14] . These inconsistent Dp-branes represent neither twisted K-theory nor twisted homology classes, while the unstable D(p − 4)-branes carry zero units of twisted homology and twisted K-theory charge. On the other hand, all of these branes carry nontrivial homology charge, and also nontrivial charge under the quotient of the kernel of H by its image. Thus twisted homology and twisted K-theory capture the physics of these processes better than the other two models.
As another application we find a formula that lets one calculate the twisted homology of the spacetime M. We have argued that the twisted homology of M is just a subset of the homology of Q. We will see that in certain cases the twisted homology of M is a particular quotient of the ordinary homology of a subbundle of Q by the ordinary homology of M. This is somewhat complicated by the fact that the ordinary homology of M is not always a subgroup of the ordinary homology of this subbundle, instead it will be necessary to divide it into two pieces and quotient by them one at a time, as we will describe.
We begin in Sec. 2 with a review of simplices, chains and the cap product in algebraic topology, which we combine to define the twisted boundary operator ∂ H . We define twisted homology to be the quotient of the kernel of ∂ H by its image. We describe the conditions under which ∂ H is nilpotent, and the twisted homology is defined. Then in Sec. 3 we interpret ∂ H as the operator that takes a brane to a cycle that measures its anomaly, and we argue that twisted homology classifies consistent D-branes up to dynamical processes, some of which generalize [13] . As an example we calculate and interpret the twisted homology of the three-sphere. We use this interpretation of twisted homology to construct a spectral sequence that calculates twisted homology from untwisted homology. The later steps in this spectral sequence describe multistep processes in which, for example, a brane augments its dimension multiple times before decaying.
Finally in Sec. 4 we introduce an auxiliary bundle over spacetime, and we claim that the twisted homology classes in spacetime are just ordinary homology classes in the total space of the bundle. The bundle is useful, because, unlike homology classes in spacetime, homology classes in the bundle correspond to conserved charges. For example, a brane can only decay if it wraps a trivial cycle in the total space of the bundle. We use this construction, along with the Gysin sequence, to prove that, under certain conditions, the twisted homology of M is the quotient of the ordinary homology of the total space of the bundle by the ordinary homology of M. Finally we apply this technology to calculate the twisted homology of a lens space using the spectral sequence and also using the bundle.
Definitions

Some Background Material
We will define twisted homology using simplices. A k-simplex σ is a k-dimensional pyramid. Its faces are (k − 1)-dimensional pyramids, and so are (k − 1)-simplices. In algebraic topology, one often describes a space M by defining a simplicial decomposition, which is a set of simplices and maps of the simplices into the spacetime such that every point in M is in the image of some simplex, the intersection of any number of simplices has to be another simplex in the set and every face of a simplex in the set is another simplex in the set.
One can construct formal sums C of simplices weighted by, for example, the integers
These formal sums are called chains. They are similar to submanifolds, but they come with weights, which we will identify with the charges of the D-branes that wrap them. If all of the simplices with nonzero weight in a chain are of dimension k, then the chain is called a k-chain, and intuitively it is similar to a k-submanifold. The set of k chains forms an abelian group under addition of the coefficients, which we will denote C k . Like submanifolds, there is a natural notion of a boundary map ∂, which takes each k-simplex to the sum of its (k − 1)-simplex faces, weighted by plus or minus one depending on a choice of orientations. This definition can be extended to general chains by imposing that it acts linearly, therefore ∂ takes a k-chain to a (k − 1)-chain.
A k-chain which is in the kernel of ∂ is said to be a k-cycle, whereas a k-chain which is in the image of the boundary map is said to be a k-boundary. The untwisted kth homology group is the quotient of the k-cycles by the k-boundaries
To extend this definition to twisted homology, we will need to define the space of allowed twists, which are cocycles.
A cochain γ is a choice of an integer n i for each simplex σ i . This definition can be extended to a map on chains by demanding that the map be linear. If the n i 's are only nonzero for k-chains, then the cochain γ is said to be a k-cochain. We will call the space of k-cochains C k .
One can define a coboundary map δ on the cochains by demanding that for any chain C γ(∂C) = δγ(C).
Notice that if γ is a k-cochain then δγ is a (k + 1)-cochain, in fact δ is just the transpose of ∂. As above, we define k-cocycles to be k-cochains in the kernel of δ and k-coboundaries to be k-cochains in the image of δ. Then integral cohomology is just the quotient of the cocycles by the coboundaries
Our twists will be cocycles, and so, up to coboundaries, will be classified by integral cohomology.
Finally we need to define another action of cochains on chains, which generalizes the definition of cochains as maps from the space of chains to the integers. The cap product ∩ of a j-chain c j and a k-cochain c k is a (j − k)-chain c j−k . In the perhaps more familiar language of differential forms one may imagine that c j is a j-dimensional submanifold wrapped by a brane and k is a k-form in the bulk which we pull back onto the brane's worldvolume. Then c j−k is the Poincaré dual of this form in the brane's worldvolume, which is a codimension k submanifold in the worldvolume.
Formally the cap product of c k with a single j-simplex σ j is defined as follows.
Label the vertices of σ j by integers from 0 to j. Consider the k-simplex σ k which is the face of σ j whose vertices are numbers 0 to k. Now we have a k-cochain and a k-simplex, recalling that a k-cochain is just a choice of an integer for each k-simplex, we obtain an integer n. The cap product of c k and σ j is the (j − k)-simplex σ j−k which is the face of σ j with vertices numbered from k to j, multiplied by the integer n c
This defines the cap product of a cochain and a simplex. This definition can be extended to a cochain and a chain by imposing that it be linear.
If c k is a k-cochain and c j is a j-chain then
and so the boundary operator is a derivation with respect to the cap product. This implies that the cap product may be extended to homology and cohomology classes. We will be interested instead in extending it from cochains C k to cohomology classes H k , but not in extending from chains C j to homology classes H j
We will usually consider the cap product to be an action of cohomology classes on chains, intuitively the cap product with the H flux takes a Dp-brane worldvolume and gives the codimension 3 submanifold where there is a magnetic monopole with respect to the worldvolume U(1) gauge field.
Twisted Homology
At last we may define the twisted boundary operator
Its action on a chain σ is illustrated in Fig. 1 . Chains in the kernel of ∂ H are said to be twisted cycles and those in its image are twisted boundaries. ∂ of a k-chain is a (k − 1)-chain, and if H is a 3-cocycle then H∩ of a k-chain is a (k − 3)-chain. Therefore, ∂ H of a k chain is the sum of a (k − 1)-chain and a (k − 3)-chain. In particular, it is possible that H∩ on a k-chain will cancel ∂ on a (k − 2)-chain, and so some twisted cycles will necessarily be of mixed dimension. However even and odd dimensions are not mixed, the twisted boundary operator maps even chains to odd chains and odd chains to even chains. We will denote the space of even chains and odd chains by C E and C O respectively
We will assemble these into even an odd twisted homology classes, which will classify RR charges in IIA and IIB respectively.
Twisted homology is the quotient of the twisted cycles by the twisted boundaries
Notice that if H = 0 then twisted even or odd homology is just the direct sum of all of the untwisted even or odd homology classes.
Twisted homology may be defined for any cocycle H, it need not be of degree 3. However the twisted boundary operator only preserves the parity of the degree of the chain if H is of odd degree. If H is purely of degree k then ∂ H preserves the degree of a chain modulo k − 1. For example, one may use homology twisted by the M-theory 4-form field strength G 4 to classify networks of M5-branes, M2-branes and M2-brane worldvolume instantons by the second twisted homology group H G 4 2 , whose representatives are chains of degree 2 modulo 3. The twist may also be of degree 2, in which case no grading is preserved and there is a single twisted homology group. Similarly one may define twisted cohomology, using the twisted coboundary operator δ H , which is defined to be the cup product ∪ with H plus the coboundary operator δ. The cup product is a multiplicative product on cochains, generalizing the wedge product on differential forms, that takes a j-cochain and a k-cochain to a (j + k)-cochain, and satisfies a compatibility condition with the cap product
where A and B are cochains and C is a chain. Twisted cohomology has already appeared in the physics literature, as, if one uses real coefficients instead of integers, it is isomorphic to the tensor product of twisted K-theory with the real numbers via an isomorphism known as the twisted Chern character.
Twisted cohomology and twisted homology are Poincaré dual, the duality is as usual realized by taking the cap product with the fundamental class [M] of M which exists when M is orientable and compact. As a check on this duality, we will show that twisted cocycles are dual to twisted cycles. If C is a twisted cocycle then by definition
and so
where we have used Eq. (2.11).
Nilpotence
While twisted cohomology using real coefficients appears frequently in the physics literature, twisted homology and cohomology with integral coefficients is rare. The problem is that, for some choices of H, the twisted differentials are not nilpotent, and so the definition (2.10) of twisted homology does not make sense, as the image of ∂ H is not a subgroup of the kernel.
We have assumed that H is a cocycle so δH = 0. Therefore if H is an odd-degree cochain then the square of the twisted boundary operator is
On the other hand if the degree of H is even then the action of H on a p-chain needs to be multiplied by a factor of (−1) p to find the same cancellation. Physically this corresponds to the consistent choice of sign in the worldvolume couplings of M-branes to the twist G 4 .
Eq. (2.14) implies that twisted homology, and similarly twisted cohomology, are only defined when
There are backgrounds in which the cup product of the twist with itself is nonzero.
In type IIB string theory it was conjectured in Ref. [16] that H ∪ H contributes to an anomaly. In Ref.
[17] the Freed-Witten anomaly was used to demonstrate that this anomaly is canceled by a background D3-brane charge. This background charge ruins the twisted homology classification. In M-theory the twist is G 4 and the Bianchi identity
implies that there is a background M2-brane charge, again ruining the twisted homology classification.
Consider type II string theory, so H is a degree 3 class. This implies that the cup product is antisymmetric on H, and so
Adding H ∪ H to both sides one finds
and so H ∪ H can only be non-zero if it is a degree 6 Z 2 -torsion class in the sixth integral cohomology H 6 (M). If M is an orientable, connected 6-manifold then H 6 (M) = Z and so the sixth cohomology does not contain any Z 2 torsion. Therefore, on an orientable 6-manifold, and in particular on a simply-connected 6-manifold
and so twisted homology and cohomology are well-defined. Of course, one can define twisted homology on any manifold by simply only allowing values of H such that H ∪ H = 0. Mysteriously, twisted K-theory is well-defined when H ∪ H = 0 because the differential
that is used in the Atiyah-Hirzebruch construction of twisted K-theory is nilpotent. However, due to the shifts in brane charges mentioned above, twisted K-theory apparently only classifies D-branes up to a shift in this case.
3 Classifying Branes
Anomalous and Unstable Branes
If a Dp-brane worldvolume contains a boundary or a nontrivial H flux then either its worldvolume Wess-Zumino terms fail to respect RR gauge invariance or the worldvol-umes of open strings ending on the brane suffer from a global Freed-Witten anomaly.
In either case the D-brane is inconsistent. These inconsistencies can be cured by adding another Dp-brane whose boundary is the boundary of the original Dp-brane, resulting in a boundaryless Dp-brane, and by adding a D(p − 2)-brane whose boundary is dual to the offending H flux [14] . In the second case, the boundary of the D(p − 2) is a magnetic monopole in the worldvolume U(1) gauge theory of the Dp. In general, there is a quantum correction to the Freed-Witten anomaly equal to the third Stiefel-Whitney class of the normal bundle of the brane, but this vanishes for orientable branes when M is a six-dimensional, orientable, spin c manifold.
The D(p − 2) may be semi-infinite, extending away from the Dp to either a spatial or a temporal infinity. Consider a case in which the D(p − 2)-brane extends into the past, where it wraps a (p − 2)-cycle which is nontrivial in untwisted homology. Furthermore, imagine that the Dp-brane wraps a compact (p + 1)-cycle in spacetime. Then the Freed-Witten anomaly cancellation described above is a dynamical process in which an apparently stable D(p − 2)-brane decays. The possibility of such decays in this context was first noted in Ref. [16] , and was described in the current language in Ref. [14] . They refer to the Dp-branes, which have finite lifetimes, as (MMS) instantons. In Ref. [13] the authors claim that each step in the Klebanov-Strassler cascade [18] is such a process.
Therefore the Freed-Witten anomaly, combined with RR gauge-invariance, has two consequences. First, some chains cannot be wrapped by any D-brane without insertions. Second, sometimes a D-brane wrapping an untwisted cycle in ordinary homology can decay. Therefore ordinary homology does not appear to classify Dbranes, as it includes both inconsistent and unstable branes.
We claim that consistent branes are classified by twisted homology, and that the unstable branes are twisted boundaries, and so correspond to the trivial twisted homology class. More precisely, if σ is a twisted boundary then there exists a chain η such that
and a brane wrapping σ can decay via an MMS instanton which wraps the chain η.
However the chain should not be identified with the D-brane worldvolume. The chain is the sum of the worldvolume not only of the Dp-brane, but also of any lowerdimensional D-branes dissolved inside, which are magnetic fluxtubes and instantons in the worldvolume gauge theory. For example a D2-brane wrapping an S 2 with a magnetic vortex would be represented by a 2-cycle wrapping the S 2 and also a 0-chain, which is a point on the S 2 . Given a particular Dp-brane embedding and a particular abelian or nonabelian worldvolume gauge bundle F , these lower brane charges are given at the level of differential forms by the product of the Chern character of F and the square root of the A-roof genus of the tangent space to the Dp-brane, divided by the square root of the A-roof genus of the normal bundle. In our current formulation we can only determine the full, integral charge in the abelian case, where it is just the first Chern class of the gauge bundle. Notice that with this definition a configuration in which a D(p − 2)-brane is dissolved in a Dp-brane is in the same twisted homology class as a configuration in which it is not dissolved, also the Myers dielectric effect leaves the twisted homology class invariant as the brane's dimension changes [7] . We will sometimes ignore this subtlety for simplicity and imagine that no branes are dissolved.
To test the claim that branes can consistently wrap any twisted cycle, consider a network of D-branes that wraps a twisted cycle C
We want to argue that this network is consistent. First, imagine that the pullback of the H flux to the worldvolume of one of the Dp-branes σ i is nontrivial. Then the worldvolume gauge theory will have a nonvanishing monopole charge H ∩ σ i . Therefore ∂ H σ i = 0 because ∂σ i and H ∩ σ i are a (p − 1)-chain and a (p − 3)-chain respectively, and so cannot cancel each other. Therefore the D-brane σ i alone does not wrap a twisted cycle, and correspondingly it is not consistent. However the sum C of all of the D-branes is ∂ H closed, and so there must be another D-brane or stack of D-branes whose twisted boundary cancels that of σ i . Imagine for simplicity that the twisted boundary is canceled by a single D-brane, with worldvolume σ j
The left hand side is a (p − 3)-chain, so the right hand side must also be a (p − 3)-chain. The two terms on the right are of different degrees, and so one must vanish, or equivalently cancel with a contribution from another brane.
First consider the case in which ∂σ j vanishes. In this case σ j is a p-cycle and the brane is another Dp-brane, with opposite magnetic charge to that of the brane wrapping σ i . Not only is the magnetic charge the opposite, but −H ∩σ i and H ∩σ j are the same chain, and so the monopole and antimonopole are coincident, and therefore there is no source of magnetic charge, only a flux tube. This flux tube does not violate RR gauge-invariance. On the other hand if the two branes are separated then the cycles −H ∩σ i and H ∩σ j will no longer be equal, but only homologous, and so C will be ∂ H closed if a D(p − 2)-brane extends between the monopole-antimonopole pair. In this case the worldvolume gauge theory of the branes wrapping σ i and σ j will have a U(2) gauge symmetry broken to U(1) × U(1), and the D(p − 2)-brane will be a 't Hooft-Polyakov monopole in this theory. The theory will be consistent, and, thanks to the Wess-Zumino terms of the D(p − 2)-brane, the sum of all of the Wess-Zumino terms will be RR gauge-invariant. Now consider the case in which H ∩ σ j vanishes in Eq. (3.3) . The D(p − 2)-brane that we just described is an example of such a situation. Now
which means that the brane wrapping σ j is a D(p − 2)-brane, which finishes on the monopole. If it is compact it will yield a finite-energy monopole, like the 't HooftPolyakov monopole or more generally a monopole of the type introduced by Verlinde in Ref. [19] . If it is noncompact it will yield a Dirac monopole. Depending on the physical question that one is trying to answer, one may wish to accept or reject such configurations, correspondingly one needs to decide whether the embeddings of the simplices are allowed to extend to infinity. In either case, the D(p − 2)-brane restores RR gauge-invariance.
Finally we are left with the case in which some k-chain σ i has a nontrivial boundary. The ∂ H closure of C now implies that this boundary is either canceled by the boundary of another k-chain, in which case there is no boundary in the combined chain, or else it is a magnetic monopole on the worldvolume of a (k + 2)-chain. In either case the network C wrapping an arbitrary twisted cycle is consistent.
Example: The SU(2) WZW Model
Consider type II string theory on S 3 × M 7 where we will not be interested in M 7 , but will imagine that it contains a time direction along which our branes are extended. Consider branes not extended along any of the other directions in M 7 . Imagine that the S 3 supports k units of H flux, corresponding to the level k − 2 SU(2) WZW model. The spectrum of D-branes in this WZW model has been computing using conformal field theory, stable branes are even-dimensional and they carry charges in the group Z k . Now we will compute the twisted homology of S 3 with k units of H flux and compare the result with these expectations.
We can construct S 3 using two 3-simplices σ N and σ S , which are mapped to the northern and southern hemispheres. All of their four 2-faces σ i 2 are glued together on the S 2 equator. To define the twisted boundary operator we need to determine a particular cocycle which represents the flux H. Different choices of cocycle will yield different twisted boundary operators and so different twisted cycles, but the resulting twisted homologies will be isomorphic. This is analogous to the fact that the cohomology class of the H flux does not determine the distribution of the H flux, which is also an observable. We will represent the H flux by a cochain which maps σ N to k times a particular 0-chain σ 0 and maps σ S to 0
Notice in particular that the sum of σ S and σ N is a 3-cycle but it is not a twisted 3-cycle because
As it is a 3-cocycle, H automatically annihilates all of the 0, 1 and 2-simplices. This means that on all of the simplices of dimension less than 3, the twisted boundary operator is the ordinary boundary operator, and so the twisted 0-cycles, 1-cycles and 2-cycles are just the untwisted cycles. In addition the image of H∩ consists entirely of multiples of kσ 0 , and so the twisted 1-boundaries, 2-boundaries and 3-boundaries are just the untwisted 1-boundaries, 2-boundaries and 3-boundaries. Therefore the degree 1 and 2 chains give the same contribution to the twisted homology as to the ordinary homology, nothing. Physically this reflects the fact that all of the consistent 1 and 2-branes wrap closed loops and Riemann surfaces which are all contractible in S 3 , and so the branes can disintegrate. However we must remember that if a 2-brane has a magnetic vortex, the vortex will correspond to a 0-chain which is not necessarily trivial.
Only the 3-simplices σ S and σ N and the 0-simplex σ 0 will be relevant, all other 0-simplices are homologous to σ 0 . Therefore we will only be interested in chains which are linear combinations of these three simplices. Acting with the twisted boundary operator on such a chain C of the most general form we find
therefore C is a twisted cycle if and only if n S = n N = 0. The group of relevant twisted cycles is then Z, which is parametrized by n 0 , and all twisted cycles are of even degree. Correspondingly the odd degree chain σ S cannot be wrapped because it has a boundary, and the sum of σ S and σ N cannot be wrapped because it has a nontrivial H flux and so a space-filling brane would not respect RR gauge-invariance.
The twisted boundaries, in dimensions 0 and 3, are all multiplies of kn N σ 0 , which is an index k subgroup kZ of the group Z of twisted cycles. This means that a stack of k D0-branes is unstable. Consider, for example, k D0-branes at the north pole. These can blow up into a D2-brane via the dielectric effect, which then carries the D0 charges because it has k magnetic vortices on its worldvolume. The spherical D2 can sweep out the 3-sphere, but in the process the pullback of the H flux translates into an ever decreasing B field on the D2 worldvolume, which causes the gauge-invariant quantity B + F to decrease from k to zero, when the cycle has been swept. At this point, one can perform a large gauge transformation
to make B continuous when the brane shrinks away. This large gauge transformation sets both B and F to zero, and so the vortices disappear. Thus the D2 can freely shrink into oblivion at the south pole, and the k D0-branes will not reappear. Now we can take the quotient of the twisted cycles by the twisted boundaries to obtain the twisted homology. First, notice that there are no twisted cycles, except for those that we have already excluded because they are ordinary boundaries, in odd dimensions. Therefore the odd twisted homology vanishes
in line with the fact that there are no stable odd-dimensional branes in the SU (2) WZW model. The even-dimensional twisted homology is nontrivial
which is consistent with the fact that there are k even-dimensional symmetric boundary states in the WZW model. If we are willing to consider semi-infinite branes that extend into an M 7 direction, then we may add semi-infinite D1-branes that end on a D3-brane wrapping σ S + σ N , in other words, wrapping the whole 3-sphere. This is also a twisted cycle, if we allow vertices of simplices to be mapped to infinity, as ∂ of the D1-brane cancels H∩ of the D3-brane. It is a generalization of the baryon in Ref. [20] .
The Spectral Sequence and Multistep Decays
There is a much easier way to compute the twisted homology of a space. Twisted homology can be calculated via a series of approximations E i even and E i odd that eventually converges on the answer, at least modulo an extension problem. At each step one defines a differential operator
and the next step in the series is the kernel of this operator divided by its image
This series is called a spectral sequence. To define it we just need to define E 0 and the set differentials.
The first approximation E 0 is just the set of even and odd chains. This is much too large to classify D-branes, intuitively it contains every submanifold with or without boundary. The first differential is the untwisted boundary operator, and so E 1 is just untwisted homology
This is the most commonly used classification scheme for D-branes, although as we have argued it is still too big, because for example it includes cycles that support some H flux so the corresponding branes are inconsistent.
The next differential is the cap product with H, which is nilpotent because we are only considering H fluxes such that H ∪ H = 0. The corresponding approximation E 2 is called H-homology. This is a much better classifier of D-branes than E 1 . Given any p-cycle C p in the H-homology, the cap product H ∩ C p is the trivial element of the ordinary degree p − 3 homology group, which is a subgroup of E 1 . This means
Therefore a Dp-brane that wraps C p is not consistent, but it can be rendered consistent via an insertion of a D(p − 2)-brane that ends on H ∩ C. If we do not allow simplices that extend to infinity, then such configurations are still allowed because the D(p−2)-brane may wrap C p−2 , which does not extend to infinity. So it may seem like the anomaly is cured with nothing extending to infinity, which would imply that Hhomology classifies D-branes.
The problem with our network of two branes is that H ∩ C p−2 is not necessarily zero. If it is not zero then the D(p − 2)-brane is also inconsistent, and so requires a D(p − 4)-brane insertion, which may well need to be semi-infinite, and so the network should not be included in our classification scheme. The D(p − 4) does not need to be semi-infinite if it wraps a cycle C p−4 such that
but it is not guaranteed that such a cycle exists. Therefore the H-homology approximation E 2 is not the full twisted homology, it still contains a Dp-brane which may require D(p − 4) brane insertions, just as branes in E 1 required D(p − 2)-brane insertions and branes in E 0 required Dp-brane insertions. Each step in the spectral sequence treats brane insertions two degrees lower.
To better approximate twisted homology, so as to eliminate the inconsistent Dbranes, we need to eliminate C p if no C p−4 exists satisfying Eq. (3.15) . In other words, we need to impose that H ∩ C p−2 is a boundary. Recall that C p−2 is only defined implicitly, via the relation (3.14). It is well-defined modulo the addition of a any homology cycle, which means that H ∩ C p−2 is well-defined modulo the cap product of H with a homology cycle, which is an element of the image of d 3 = H∩. However in arriving at the H-homology E 2 we have already quotiented by the image of d 3 , and as an element of this quotient H ∩ C p−2 is well-defined. Therefore given an element C p of H-homology we may determine whether or not H ∩ C p−2 is a boundary, as in (3.15) , and if it is not a boundary we want to eliminate C p .
We can do this by introducing yet another differential d 5 , such that
The right hand side is determined via Eq. (3.14). Equations (3.16) and (3.14) can be combined by introducing some new notation, called a Toda bracket
The Toda bracket is well-defined as an element of H-homology, as
where ∂ is invertible on H ∩ C p because C p is an element of the H-homology group E 2 , so HC p is a boundary in E 1 . We can read the definition (3.18) from right to left and interpret each step in terms of the static D-brane network depicted in Fig. 2 . On the right is our original Dp-brane C p . Moving one step to the left, we find its worldvolume monopole H ∩ C p , which is the boundary of the D(p − 2)-brane. It is a trivial cycle in the spacetime M, as H ∩ C p is a boundary, but it is not necessarily trivial as a cycle in the worldvolume C p of the Dp-brane. The worldvolume of the
D −brane wrapping
which itself has a magnetic monopole given by H ∩ ∂ −1 (H ∩ C p ). This in turn is the boundary of a D(p − 4) brane, which must extend to infinity if d 5 C p is a nontrivial element of E 2 .
We can now define E 3 to be the kernel of 
which is well-defined as an element of E 3 . This process continues until one runs out of dimensions in the compactification manifold. Notice that if we work over the rationals, and use cohomology instead of homology, then these Toda brackets become the Massey products observed in the spectral sequence for twisted K-theory in Ref. [21] , which is the spectral sequence for twisted cohomology in Ref. [22] .
The spectral sequence is particularly simple in the case of a simply-connected 6-manifold. For any 6-manifold, all homology classes of degree greater than 6 vanish. As it is simply-connected, the first and fifth classes also vanish. Therefore there are no two classes separated by an odd number of degrees greater than three, and so the H-homology E 2 is already the twisted homology. Notice that the spectral sequence for twisted K-theory also only has odd differentials, and so it also finishes after d 3 . In general d 3 for twisted K-theory is not equal to just H∩, it has another term which is a Steenrod square. However this term will vanish if our 6-manifold is orientable, which it is, because all simply-connected manifolds are orientable. Therefore we conclude that twisted homology, H-homology and twisted K-theory are, as sets, all equal on a six-dimensional simply-connected compactification manifold.
Using this technology we may calculate the twisted homology of S 3 with k units of H flux much more quickly than before. E 1 is the ordinary homology
The operator d 3 takes the 3-cycle which generates E 1 odd to k times the 0-cycle which generates E 1 even . Therefore, as before, no odd class is in the kernel of d 3 and the odd twisted homology is trivial. Every element of E 1 even is a cycle with respect to d 3 , but multiples of k are in the image. Quotienting, we find
as before. As there are no relative degrees greater than 3 the sequence stops here, and E 2 is the twisted homology, as well as the twisted K-theory.
4 Twisted Homology Classes from Sphere Bundles
The Bundle
While the spectral sequence construction of twisted homology is quite abstract, there is a much more concrete construction of twisted homology. Twisted homology classes in the spacetime M can be realized as ordinary homology classes in a certain bundle
over the spacetime. If the twist H is a k-cocycle then the fiber is the EilenbergMacLane space K(Z, k − 1), which is defined by the fact that it only has one nonvanishing homotopy group
Such bundles are entirely characterized by a single characteristic class, which is just H. For example, if k = 2 then, since K(Z, 1) is the circle, Q is just a circle bundle and H is its Chern class.
When k > 2 the Eilenberg-MacLane spaces are infinite-dimensional. For example, when k = 3 one finds K(Z, 2) which is modeled by CP ∞ and also by the projective unitary group on a Hilbert space P U(H), although for a 2k-dimensional compactification all of the branes lie within a CP k−1 subbundle. Various relations between this bundle and twisted K-theory are proven in Ref. [23] . In the noncommutative field theory truncation of string field theory, there is a U(H) gauge symmetry, whose fundamental fields live in the Hilbert space H. A single D-brane corresponds to a rank 1 projector at each point, which is a choice of an element of CP ∞ at each point, in other words a section of the bundle. Notice that the fact that the characteristic class is H, which is topologically trivial when pulled back to a D-branes worldvolume, implies that such a section exists over the worldvolume. The noncommutative field theory perspective is more powerful than that of the present note as one can consider multiple D-branes, corresponding to higher rank projectors, which yield sections of an infinite-dimensional Grassmannian instead of merely K(Z, 2).
We will sometimes be interested in a simpler version of Q, a S k−1 -subbundle
with Euler class H. In general there may be several such bundles, but any choice will be sufficient for the considerations that follow. There may also be no such bundle, in which case P does not exist and one needs to work directly with Q. We will prove that when P exists the H-homology of M is a quotient of the untwisted homology of P , so in particular any twisted cycle is an ordinary cycle in P . We will associate cycles N in P to p-branes, where π(N) ⊂ M is their worldvolume and the cycle N wraps the S k−1 a number of times equal to the worldvolume (p + 1 − k)-brane charge that comes from magnetic flux tubes. However, as we will see, not all such cycles in Q may be wrapped. The cycle N ⊂ P contains the same data as a generalized submanifold of M, in the sense of Refs. [8, 10, 11] . We may similarly associate any D-brane to a cycle in Q, with lower-dimensional charges corresponding to higherdimensional cycles wrapped in the fiber K(Z, k − 1). These have the advantage that the cycles corresponding to all even dimensional or odd-dimensional D-branes are of the same dimension in Q, therefore the twisted even homology and odd homology may each be a single degree homology group in Q.
As the choice of cycle N ⊂ Q combines the information about the brane's embedding π(N) ⊂ M and its lower p-brane charges, it provides a purely geometrical interpretation of features that are difficult to see in M. For example, if a brane wrapping a cycle Σ ⊂ M has a Freed-Witten anomaly, then there are no global sections of Q over Σ and the cycle N does not exist. Branes may decay if and only if the cycle N is the boundary of a chain in Q, using the untwisted boundary map. By comparison, if a brane wraps a nontrivial cycle in M it still may be able to decay via an MMS instanton, whereas if it wraps a trivial cycle in M it may still be stable if it carries lower-dimensional D-brane charges. Therefore triviality as a cycle in Q is a much better criterion for stability than triviality as a cycle in M. We now return to the familiar example of string theory on M = S 3 × R 1,1 with k = 0 units of H flux. Now Q is a P U(H) = CP ∞ bundle on S 3 × R 1,1 with DixmierDouady class equal to k times the top class of S 3 . All branes wrap 3-cycles in Q.
D3-brane
D3-branes wrapping all of M = S 3 are anomalous, corresponding to the fact that there is no global section of Q over S 3 and so no available 3-cycle N which projects to the full S 3 . There is, however, a global section over S 3 minus a small 3-ball B 3 , where the section over the boundary ∂B 3 = S 2 a of the ball winds around a S 2 = CP 1 ⊂ CP ∞ subfiber k times. As there are two spheres in this story, we will name this fiber S Recall that this winding number is just the D1-brane charge. It can be undone as follows. Using the noncompact spatial direction R one can connect the boundary of the ball with a semi-infinite 'tube' R + × S At the two sphere ∂B 3 = S 2 a where the tube and the anomalous D3 meet, we glue the boundaries of the total spaces of P − π −1 (B 3 ) andP such that the boundary of P wraps k times the S 2 f fiber over ∂B 3 = S 2 a . This gluing map is just the transition function of the P U(H) bundle. The tube corresponds to the k D1-branes that can cancel the anomaly on the D3. This combined object is a cycle in [P − π −1 (B 3 )] P , and it is a valid BIonic D-brane configuration, a baryon in the language of Ref. [20] .
A single D0-brane at a point in M lifts to a 2-cycle N in each timeslice of Q that wraps the S 2 subfiber above the point. Under a slight deformation, π(N) is no longer a single point, and so the D0 becomes a D2-brane wrapping a contractible S 2 with a unit of D0 charge. The D0-brane charge is conserved as N generates H 2 (Q) = Z k . However a stack of k D0-branes can decay. This stack lifts to a 2-cycle N that wraps the 2-sphere k times. If one trivializes Q over the northern and southern hemispheres, then the transition function on the equator takes a cycle that wraps the equator and changes its winding number about the S 2 subfiber by k units, in particular it annihilates the winding number of the stack of k D0-branes, reflecting the fact that k is the trivial element of H 2 (Q) = Z k . Therefore k D0-branes can decay and correspondingly they wrap a 2-cycle N ⊂ Q which is a boundary.
A Formula for H-Cohomology
In this subsection we will assume that a S k−1 sphere bundle exists over M with Euler class H. We will use it to compute the H-homology of M. Instead of the H-homology of M we will actually calculate the H-cohomology, which is isomorphic by Poincaré duality on a compact, orientable M. We will use cohomology so that we can use a familiar form of a mathematical tool called the Gysin sequence, without reversing all of the arrows.
The Gysin sequence is a long exact sequence that relates the cohomology of P to that of M and the Euler class H. It is ...
Summarizing, we have found most of the cohomology of P
